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Abstract. In the context of the future high energy — high luminosity electron and muon colliders, all
the relevant four-lepton processes with the lepton family violation (LFV) are systematically classified.
The most general LFV effective lagrangians are found, and the helicity differential cross sections for the
LFV processes are calculated. The six- and eight-lepton Standard Model (SM) backgrounds are discussed,
and the LFV processes clean of the six-lepton background are picked out. The possibility to suppress
the six-lepton SM background, when present, by the unnatural initial beam polarizations is investigated.
It is shown that the four-lepton LFV processes are amenable to experimental study in the lepton-lepton
collisions in the most favourable cases up to the underlying scale of order 10% TeV. Studying these processes
should provide an essential part of the physics program for the next generation lepton colliders to unravel

the outstanding flavour/family problem.

1 Introduction

At present there are two principle to be solved problems
in the Standard Model (SM): (7) the spontaneous symme-
try breaking problem, or that of origin of the electroweak
gauge boson masses; (i) the flavour/family problem, or
that of origin of the fermion masses and mixings. The for-
mer problem is superficially related to the TeV scale. It
is expected to be mainly solved with the near future ad-
vent of the LHC, followed by the discovery and subsequent
study of the Higgs boson. On the other hand, the latter
problem should be related to a scale O(10 TeV) or higher
and would require for its study the multi-TeV energy fa-
cilities.

These facilities may be provided by the future high en-
ergy — high luminosity e*e™ and e~ e~ linear colliders [1],
or utpu~ [2] and possibly ptut/u~p~ ring colliders, or
conceivably even uTe™ and p~e” ring-linac colliders. It is
not our aim to discuss the feasibility of all these projects.
We would just like to emphasize that with the advent
of such colliders a new era in the high energy physics,
that of unravelling the outstanding flavour/family prob-
lem, might set in.

The present-day theories give no convincing explana-
tion to this obscure problem. So, an experimental key to
solving it may possibly be given by studying the processes
with family violation, in particular the lepton family vi-
olation (LFV), the latter being strictly forbidden in the
SM. The lepton-lepton colliders provide the unique clean
environment for studying LFV. We show that the ad-
vanced parameters of the colliders, namely /s > 4 TeV
and integrated luminosity L > 103fb~! conceivable at
least for the p p colliders, could allow one to study LFV in

the four-lepton interactions up to the flavour/family scale
O(10? TeV) which is quite assuring. We believe that this
could provide an additional impetus in favour of lepton
colliders.

2 Four-lepton LFV interactions

Whatever the underlying nature of the flavour/family
might be, at the energies much lower then the correspond-
ing mass scale it should most probably manifest itself in
the family violating contact interactions, in particular in
the four-lepton interactions, too.

The SM invariant four-fermion operators are generi-
cally of the type LLLL, RRRR, LRLR, LLRR and
RRLL. Here L and R denote the left-handed and right-
handed lepton fields, respectively. In this, it can be shown
that the last two operators are forbidden for the processes
with leptons exclusively. It follows thereof that all the al-
lowed four-lepton operators can be reduced by the Fiertz
rearrangement to the chirality conserving vector form

Orr = Lv,L Ly, L,
ORR = R’Y/JR R'Y;LRv (1)
Orr = Ly, L Ry, R,

which we will use in what follows!. Each of the fields in (1)
can represent the lepton of any family, what in fact pro-

! This form does not mean with necessity that all the un-
derlying exchanges are of the vector type. They can equally
well be transformed to the chirality violating scalar and tensor
form. We use only vector type operators to fix somehow an
ambiguity in the relative normalization of the different type
operators
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liferates the number of independent operators. With this
caveat in mind, the most general four-lepton effective la-
grangian can be written as

1 C;
ﬁ_ﬁzl:u&o“ @)

where §; = 1 for the operators with identical currents and
6; = 0 for operators with different currents. Here ¢; are
the generic free parameters, supposedly ¢; = O(1), and F
is an unknown flavour/family violation mass scale?. Our
expectation is that F' = O(10%*! TeV).

There exist three possible types of the four-lepton LE'V
processes, namely I'lll, I'l'll and I"”I'll. Here I, I’ and I” (I #
" # 1") denote charged leptons/antileptons of different
families. Let us consider these types of the LF'V processes
in turn.

2.1 l'lll type

There are four independent operators in the effective la-
grangian

£ = g (a0

+77LR(Z7Z)L (fl)R + (L <~ R) + h.C.)7 (3)

where (I); = ZLV,JL, etc. Here and in what follows all
free parameters n etc are in general complex. Particular
classes within the type, relevant for the electron and muon
colliders, are peee, eppp, Teee and T .

Here one has I’ = p, | = e, and the relevant
3

(1) peee
processes in this case are
(8) ete™ — ,u+67, e*uf,

pte” —ete,

e e —u e, 4

(u) {,ue —ee . (%)

Here and in what follows it will be chosen as the s channel
that one with zero net electric charge @ = 0, and as u
channel the one with || = 2. The proper differential cross
section for the s channel with unpolarized initial particles
)
is
do

dcosf

? We take for the effective coupling constant gZ;; = 1. In the
usual notations with g2 7 = 4m, this would correspond to the
scale A = ArnF

3 Here and later on we do not consider separately the charge
conjugate initial channels. The substitutions required for them
are obvious

skt

4 For simplicity we use here and in what follows only the real
free parameters. For complex parameters one needs the obvious
replacements 1> — |1|? and so on, the interference terms being
absent in the limit m; < +/s. Hence the C'P violating LFV
processes in the lepton-lepton collisions at the high energies
are suppressed
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= (i + MRr)u’ + 3(77%3 +ngp)(s* +1%), (5)
where s, t and u are the usual Lorentz-invariant vari-
ables. In the s channel one has t = —s(1 — cos6)/2, u =
—5(1+ cos®)/2. For definiteness, here and later on as the
scattering angle 6 there will be chosen that between the
second particles in the initial and final pairs. The cross sec-
tion for the uw channel corresponds to substitution s <> u
on the right hand side of (5).

The main background to these four-lepton LFV pro-
cesses is given by the family conserving six-lepton SM pro-
cesses with the same charged lepton content and with the
imbalance of family compensated by a pair of correspond-
ing neutrinos. More particularly, for the processes of (4)
they are

ete™ = ute  (vube), e u™ (Duve),

pre” = ete (Duve),

e e = pu e (Duve), (6)
poem —e e (V).

We expect this background to be rather small due to the
back-to-back requirement for charged final leptons, as well
as the requirement for missing energy £ < 2AFE, where
AFE is the energy uncertainty of charged final leptons.
Nevertheless this background should be evaluated more
thoroughly. Not knowing the characteristics of the detec-
tors one can hardly do it. Hence the question arises as to
whether this background, if present and dangerous, could
be suppressed by using the polarized beams. The answer
is that it can really be done so to a large extent. Let us
consider this topic in more detail.

The typical Feynman diagrams for these background
processes are given in Fig. 1. As it is seen, there are two
topologically different classes of diagrams: those with and
without the triple-boson vertex, one of the bosons in the
vertex being neutral with necessity. On the other hand,
the second class is divided into two subclasses: those with
and without neutral boson exchange. The same classifi-
cation takes place for the six-lepton SM background, if
allowed, for all other LFV processes to be considered. It
is clear that the neutral boson diagrams could be encoun-
tered only in processes with a particle and antiparticle of
the same type, or with a going-through particle, as it is
indeed the case with the I'lll type of the LFV processes.
These observations are important in discussing the possi-
ble background reduction by the initial state polarizations.

Suppose that arbitrary longitudinal polarization P can
be achieved. In this case, by proper choosing the “unnatu-
ral” polarization of one of the initial particles (i.e., P > 0
for leptons, or P < 0 for antileptons) one can suppress as
AP = 1—|P] all the background diagrams not containing
the neutral bosons®. What about the diagrams with the
latter boson, they can be suppressed only if this boson is
not coupled to the initial particles. But there are always

5 The problem with rotating the “natural” polarization of
the produced muons to the required unnatural one can be
hoped to be eventually solved
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(a)

diagrams with such a coupling and hence the background
cannot be completely reduced by using just one polarized
beam. Fortunately, by using the second polarized beam,
again with the unnatural polarization, one can suppress all
the left-out diagrams as well, but for the diagrams with
the triple-boson vertex in the s channel annihilation. The
degree of the double polarization suppression will be just
AP (instead of AP? what might be expected a priori).
Nevertheless the six-lepton SM background, if allowed, can
rather efficiently be reduced in the bulk of the processes.
More than this, there are “clean” processes without the
six-lepton SM background at all (see later on)°.

The peee class of the LE'V processes is also unfavoura-
ble in another aspect. Indeed, one can show that

_ 1/v\" 1
Bl ee0) = (5 ) (ot 5Okt ). 1)

with v = (v2Gr)~'/2 being the v.e.v. and Gy being the
Fermi constant. From” B(u — eeé) < 10712 it follows
that F' > 2 (nf + nkg + (Nig + nhr)/2)"/* 10° TeV.
So, one expects typically for the LFV processes of (4) that
o < 1073 fb, and hence at L = 10%fb~! one gets no more
than 1 event/year. Hence this case is marginally observ-
able and constitutes in a sense the worst case study. For

5 We consider as even less probable the six-lepton SM
background with some of the charged leptons missed as,
say, in ete” — ute (¢T4h7), etc, or the eight-fermion SM
background with missing quarks as, say, ete™ — 55 —
it e (vuDeh 1), ete

7 All the available restrictions on the LFV decay branchings
are in what follows from [3] and correspond to 90% C.L.
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Fig. 1. The typical Feynman diagrams of the fam-
ily conserving six-lepton SM background for the
four-lepton LFV processes of the peee class

the rest of the four-lepton LFV processes there are ei-
ther no experimental restrictions at all or just rather mild
ones, F' > O(1TeV). Hence all of these processes can in
principle be reliably observed.

Before going to the next type of the LFV processes let
us complete the discussion of the left-out classes of the
Ulll type.

(%) eppp This class could contribute to the following
LFV processes

ptp= —etp=, pte,
(s) +eo— +,,-
pre” = ptp,
B e
U T e 8
W {r e 5)
All the preceding discussion of the peee class is unchanged
but for the absence of experimental restrictions on the
scale F'. Needless to say that here the coeflicients 7 in
the counterpart of (5) are some new free parameters for

each of the classes within the type. The same goes without
saying in what follows.

(i77) Teee The relevant LFV processes are

o, (9)

(s) efe”—71te e
(u) ee” =717e .
The cross sections and background are similar to the peee

case. From the limit B(T — ee€) < 3-1076 it follows the
mild restriction F' > O(1TeV).



528

(i) Tppp  The LEV processes are
(s) wtu™ —7tpT, ptrT, (10)
(w) pp =T,
and from B(r — ppji) < 1.9 -107% it follows the same
restriction on F'. Cross sections and background are as

before. Altogether, these four classes of the LF'V processes
depend on 16 free parameters.

2.2 U'l'll type

The most general LF'V effective lagrangian of this type is
given by®

1

L= 2F2<CLL(Z_/Z)L (l_/l)L

+CLR(Z_IZ)L (Z_,Z)R +(L+ R)+ h.C.> (11)

with ¢pgr = crr. Here 1/2 in front of the expression is
introduced to account for the identity of currents. One
encounters three particular classes: puee, Tree and 77 upu.

(7)) puee Here one has I’ = p and I = e. These interac-
tions contribute to the following LFV reactions

() wte —etu,

e e =,
W {oe e (12
They are intimately related with the muonium-antimuo-
nium (M M) conversion pute~ « etpu~ [4,5] and were
discussed in the context of the multiplicative conservation
laws in [6,7]°.
The s channel cross section is

87rsF4% = (A +chp)u?+ %C%R(S2 + %),
and that for the u channel corresponds to the substitution
s <> u on the right hand side.

There is no six-lepton SM background for all these
processes, as well as for all others of the same type. This is
because |AF; /| = 2 for two different types of leptons [, 1’
cannot be compensated simultaneously just by emission
of two additional neutrinos, at least four of them being
required. So the leading SM background here is given by
the eight-lepton processes

(13)

,quei - 6+.u7 (Vel/eljltlju))

e e — ﬂ_ﬂ_(VeVeﬂuﬁu)v (14)

P = e e (Delelyly).

8 Operators of the form (I')(Il) do not violate family and
are omitted

® The effective lagrangian of (11) is the most general one
consistent with the SM invariance, and as such it can be used
for the model independent analysis of the M M conversion
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It can be shown that among the corresponding Feynman
diagrams there always exist those with emission of the
neutral gauge boson by the initial particles. Hence the
eight-lepton background cannot be completely suppressed
by using just one polarized beam, double polarization be-
ing required. But we expect this background not to be
fatal because of the smallness of its cross section, as well
as the difficulty to concentrate almost all the energy just
in two of the six final particles.

What about the experimental restriction on this class
of interactions, it can be inferred only from the limit Gz
< 1.8-1072GF [8] on the four-fermion effective coupling
for the M M conversion and corresponds to F' > O(1 TeV).
This still leaves a lot of room to investigate at the fu-
ture high energy lepton colliders, the p~pu~ /pu*u™ collider
with required advanced parameters being be most realistic
among three conceivable ones.

(#7) 7Tee The only relevant LFV process in this class is
e e =T T . (15)

There is neither six-lepton SM background nor experimen-
tal restrictions on F.

(757) 7Tpp The similar LEV process here is
wWopT =TT (16)

Everything is the same as in the preceding case!®. This
type of the LFV interactions depends altogether on 9 free
parameters.

2.3 I"l'll type

This is the most general type of the four-lepton LFV in-

teractions. The general effective lagrangian here is'!
1 _ _ _ _
L=15 (C(ng(l"Z)L W) + ey (") (TR
(2) (7071 7 (2) (q1rq1 7
+ e ()L UL + e g (M) (DR (17)

+ "L (W) R+ (L« R) + h.c.)

Three different classes are conceivable: Tuee, Teup and
euTT.

10 Note that the last two processes are supplementary to those
of the uuee class w.r.t. the study of the multiplicative conser-
vation laws. Were these laws exact, the processes of the I'l'll
type could nevertheless be always allowed independent of the
particular assignment of the multiplicative quantum numbers.
On the other hand, the allowance of the various interactions of
the I'lll and I”1'll types depends crucially on the latter choice.
This makes it obligatory to investigate experimentally all the
conceivable channels of the LFV processes

1 Operators of the form (I"1)1(Il')z are Fiertz-equivalent to
those (l_“l/)L(l_l)L, and (l_//l)R(l_l/)R to (l_//l/)R(l_l)R
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Table 1. Summary of the four-lepton LF'V processes (see text)

Type Class Processes Restriction Background
efe” — /ﬁ'e_, e+u_
ure — ete”
peee ee” > pue O(10% TeV)
n e —e e
pruT —etuT, pte
pte” = ptpu
Uil eLLILLL W = u e No Yes
N e
ete” = T1Te, et
Teee e"e” > T e O(1TeV)
prpuT =T T, T
o BT =T s O(1TeV)
u+e_ — e+,u,_
ppee e"e” = upu” O(1TeV)
' nopT e e No
TTee e e —T T No
TTL wopT =TT No
ete” — 7'+,u7, ,u+7'7
e — rte” O(1TeV) Yes
Tee nwe —e T
;fre* —etro
ee” = u T O(1TeV) No
/L*,Lf —TTe, et
" phre™ — ptr- O(1TeV) Yes
Te e = u T
wre  — 1"
nwpT e T O(1TeV) No
pert uwre” =71 No Yes
ne =TT No No

(¢) Tnee Here one has I” = 7,1’ = u, Il = e, and the
following LFV processes are allowed

(5) etem st

(t) wpre” = 1te, (18)
(u) pe —e 7,
as well as
(s) pre —efr,
(u) e e = u 7. (19)

The s channel cross section for the processes of (18) is

do 2)2 2)2
2)2 2)2 3)2 3)2
+ (207 + T+ (R + ) )s?,

the other two being obtained by substitutions, respec-
tively, s <> t and s < wu on the right hand side. The
cross section for the first process of (19) is

d
LT G (653122 + cgl)f

2
dcosf Ju'+

1
(LR H R ),

(21)
with that for the second process being obtained by sub-
stitution s <> u on the right hand side.

The six-lepton SM background is allowed for the pro-
cesses of (18) but is forbidden for those of (19). The latter
fact is because it is impossible to compensate |AF;| = 2 for
leptons of the kind [, plus additional LEV |AF}y ;»| = 1 for
" and ["”, just by emission of two neutrinos. Nevertheless
the eight-lepton SM background with family conservation
is as always allowed. Finally, from B(r — pee, iee) <
6.8 - 1079 it follows that F' > O(1TeV).

1) Te It corresponds to I = 7,1’ = e, | = u, and the
[ p I
relevant LFV processes here are

+ +

(s) wtum —=7fem, et
)  pre” = ptr, (22)
(w) e s pTT
and
(s)  whem =71hum,
(u) pp~ —e 7. (23)

The cross sections and backgrounds are similar to the pre-
ceding case. From B(7 — eufi, epp) < 7.1-1076 it follows
the same lower bound F' > O(1TeV).
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Table 2. Helicity differential cross sections for the LFV processes in the units of (SrsF*)~!
(upper entries) and the representative number of events nx, x, in the various helicity channels at

F=10TeV, /s =4TeV and L = 10°fb~!

(lower entries). (a) The processes with the six-lepton

SM background. The asterisk * marks the unnatural initial helicity channels without six-lepton
SM background: the + + helicity lepton-lepton collisions and the — + helicity antilepton-lepton

collisions (see text)

8rsF¥dox, r, /dcosf
Type Processes AL Ao
—— ++ — + -
efe” s pTe  [rTeT  mEpsS  Nigs Angrru® +nipt?  Anipu’ + npot?
pruT et /T kg 5Lk L7(4nkr +nir)  L7(401L +nhp)
ete” —weu feTT  mips®  NhLs dnfru® +nprt”  Anppu’ +nppt
ptu™ = pte” /utrT  Bnig 5N L7(4nkr +n2r)  L7(401L + ko)
pre” —ete” NrLs NiRs dngru’ + gt ¥ Anpu® 4+ nipt”
5nhr 507k L7(4nkg + nk1) L7(4n% + nig)
raepteT =t nirs®  MeLsS  Apru’ Fnpgt F Anipu® +npgt’
5nir 5k L7(4nkr + k) 174071 +niR)
ee —p e [T e Anips® Angpps® ¥ nipu’ + Rt NLrt” + MRy’
popT —eTpT/TTuT 20mip  20mER L7(nir +nhe) L7(nZr +n&e)
pes e e Anips®  Anpps® ¥ nLr(u” +17%) N (u” + %)
epT =T p 1007, 10nkg L7t L%
ete” > rtp cg’zsz (51)2232 Cg) 22+ c(2)2t2 cf>2u2 + c(2>2t2
whtum = e 5c gzz 5 231)22 1.7(c2 (2)2 n (2)2) 17(ct: (2)2 n (2)2)
ete” = ptr~ S R 4 PRt P 4 B%
pwrpT = et 5S¢y 3)2 56522 1. 7(65321)22 + 0(2)2) 1. 7(0522 + c(2)2)
,u+e_ —71te” chsQ c(LQI)%Qs2 %)QZUQ +c (3)2 2 * (2)2 24ec (3)2
Sey’ BerRt LT(eRR T e’) LT )
l//l/ll /,L+€7 N [JL+7'7 C(LQI)%QSQ cgl)?sg 0(2) 2 92 Fe (3) 2t2 * (2) 2U2 + (3)2
50(1121)%2 50%}/2 1. 7(0(2)2 + (5)2) 1. 7( (2)2 + (3)2)
pte” > rtr™ ;2282 91;282 cg})fuZ I c(2)2t2 * C(L2)2u2 + C(2>2t2
50532 50231)%2 1.7(c2 (2)2 n (2)2) 17(ct: (2)2 i (2)2)
e N AN L S LT
e pT S puTT 5S¢y 2)2 565221)32 1. 7(6322 + 0(2)2) 1. 7(05:31)?2 + c(2)2)

(i17) eurr Here one has I” = e, I’ = pand Il = 7. The Equations (20) and (21) with the proper choice for invari-
processes of interest are

and

(s) pre” —71r7™

(u) pwe =TT

(24)

(25)

ant variables are relevant here, too. The six-lepton SM
background to the process of (24) is as before. That one
for the process of (25) is again absent, only the eight-
lepton background being allowed. Besides, there are no
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Table 2. Continued. (b) The processes clean of the six-lepton SM background (see text)

8nsFrdox, x,/dcos@
Type Processes AL Ao
- + -+ ¥ -
weT — et 2 ps? 3 ps” 4ch pu? + i pt? 4c2 u® + 2 pt?
5¢ir 5¢ir L7(4ckp + cir) L7(4ct + cip)
V'l e e —p p /T 7 4cips®  Achps’ A rw” +1%) A rW” + %)
upT e e /T 10¢2 10c% 7 1.7¢2 5 1.7¢2 5
ure” —etr™ 0211)3252 chsQ 405311)2213 + C(Ll])%2t2 4C(Ll£2u2 + cg22t2
pre” — vt~ 50(;1)32 5(:5%122 1.7(4(:5311)%2 + c(Lll)f) 1.7(4¢8)? + ngz)
P e e s 40112252 4c§211)?232 C(L11)22t2 +cg£2u2 C(L11)22u2 +cg£2t2
pwopT =T e 20c4!) 2 200%1})_22 1.7(0211)%2 + cgf) 1.7(0(;])32 + 03%122)
pne > T T 4C(LIL)232 46521})2282 c?}f (t* + u?) 0%22 )
1)2 1)2 1)2 1)2
1062 1064), 17, 17c4)

531

experimental restrictions on this class of interactions'2.

This last type of the LF'V processes contains a total of 30
free parameters.

3 Discussion and conclusion

Our general classification of the four-lepton LFV processes
is summarized in Table 1. In Table 2 we present the helic-
ity differential cross sections for the four-lepton LFV pro-
cesses in the units of (87sF%)~! (the upper expressions
in each of the cellars). Let us remind that the coeflicients
n, ¢ and ¢® for the I'lll, I'l'll and I"I'll types of the LFV
processes, respectively, differ for various classes of the pro-
cesses. Nevertheless they are designated in the same man-
ner for simplicity. As it should be clear from the preceding
exposition, all four-lepton LFV processes depend in gen-
eral on the grand total of 55 free parameters.

One can easily infer from the Table 2 which particu-
lar four-lepton LEF'V operators could be studied in each of
the channels. In the SM background clean channels all the
contributing interactions could be studied equally well. In
the channels with the six-lepton SM background the in-
teractions contributing to the helicity channels with the
unnatural initial polarizations could be studied more reli-
ably.

The lower expressions in each of the cellars of the Ta-
ble 2 represent the reference number of the LFV events

12 We considered everywhere only the SM background. It is
beyond our scope to discuss the possible instrumental back-
ground due to faking one kind of particles by another, or
caused, say, by cosmic rays, etc. Because of the extreme rar-
ity of the LF'V events every conceivable background should be
taken into account eventually. Hence what we have found are
the most optimistic estimates

Ta, . in helicity channels at the proper collider with /s =
4TeV and L = 10%fb~! for the flavour/family scale F' =
10% TeV. The real number of the events Ny, », scales with
F, /s and L as

(10°TeV/F)*(\/s/4TeV)? (L/10% fb~1) ny, ,. For the un-
polarized beams one has N = )" Nj,x,/4. If one takes as
an observability criterion that the number of LFV events
in a channel is equal, say, to 10 then the LFV mass scale
that can be reached in the channel is F' = (y/s/4 TeV)'/?
(L/10% th™1)1/% (ny,x,/10)1/410% TeV.

We conclude that the LFV processes are quite amena-
ble to experimental study at the future generation lepton
colliders in the most favourable cases up to the underlying
scale O(10? TeV). Studying these processes to solve the
outstanding flavour/family problem might provide raison
d’étre and the great challenge for the colliders.
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